In this paper, we investigate the problem of the deviation of a function from its de la Vallée-Poussin sums of Fourier series in Morrey spaces defined on the unite circle in terms of the best approximation to . Moreover, approximation properties of de la Vallée-Poussin sums of Faber series in Morrey-Smirnov classes of analytic functions, defined on a simply connected domain bounded by a curve satisfying Dini's smoothness condition are obtained.
Introduction
ain approximation problems in Lebesgue spaces have been studied by several authors [1, 2] . The approximation of functions of Lebesgue spaces by partial sum of Faber-Laurent series was obtained by Israfilov [3] . These results are generalized to Muckenhoupt weighted Lebesgue's spaces [4] . Approximation properties of Faber series in weighted and non-weighted Orlicz spaces were dealt with by Jafarov and Israfilov [5] [6] [7] . The concept of Morrey space, introduced by C. Morrey [8] in 1938, has been studied intensively by various authors and plays an important role in many areas such as applied mathematics, the theory of differential equations, potential theory, and maximal and singular operator theory. Currently there are several investigations relating to the fundamental problems in this space [9] [10] [11] [12] [13] [14] . Therefore, the investigation into the approximation of functions by means of Fourier trigonometric series in Morrey spaces is also important in these areas of research. In the present paper, we investigate the problems of estimating the deviation of functions from their de la Vallée-Poussin sums in Morrey spaces. Similar results in weighted Smirnov spaces and weighted Smirnov Orlicz spaces can be found in the papers [15] [16] [17] .
Notation and Basic definitions
Let be a finite simply connected domain in the complex plane ℂ bounded by a rectifiable Jordan curve Γ and − ∶=
. Without loss of generality, we suppose that 0 ∈ . Further, let 0 ∶= { ∈ ℂ ∶ | | = 1}, : = 0 , − ∶= 0 . We denote by = ( ) the conformal mapping of − onto domain − normalized by the conditions
and let be the inverse mapping of .
We begin with the following definitions: M Definition 2.1 [18] For 0 ≤ ≤ 2 and 1 ≤ < ∞, we denote by , (Γ) the Morrey space, as the set of locally integrable function , with a finite norm:
where is an arbitrary disk centered on Γ and | ∩ Γ| Γ is the linear Lebesgue measure of the set ∩ Γ.
In the case of Γ = 0 ≔ { ∈ ℂ: | | = 1} we obtain the space , (γ 0 ).
Under this definition
, (Γ) is a Banach space. If = 2 then the class ,2 (Γ) coincides with the class (Γ), and for = 0 the class ,0 (Γ) coincides with the class
( 1) be the Fourier series of , where ( ) and ( ) are Fourier coefficients of the function . Further, let
be the ℎ partial sums of series (1). We define the − ℎ de la Vallée-Poussin sums of series (1) as 
The best approximation to , (γ 0 ) in the class of trigonometric polynomials of degree not greater than is defined by
Let * ∈ be a trigonometric polynomial such that
If , ∈ ℕ such that ≥ , then we get
Using the boundedness of operator → (. , ) in the Morrey spaces
where C is a positive constant and = + 1, i.e. there exists a constant such the following relation holds
Definition 2.3 [9] We define the Morrey-Smirnov classes , ( ), 0 ≤ ≤ 2 and 1 ≤ < ∞, of analytic functions in as If Γ ∈ , then [21] 0
for some constants, 1 , 2 , 3 and , 4 .
Hence, if Γ ∈ and using (4), then by [9] ∈ , (Γ) ⟺ 0 ≔ ∘ ∈ , ( 0 )
and the function 0 + : → ℂ defined by
is analytic in and 0 + ∈ , ( ) [ 9 ] .
If Γ ∈ and = 1,2,3, …, we define the − modulus of smoothness of ∈ , (Γ) by the relation (see, [9] ) Ω Γ, , ( , ) ≔ ω , ( 0 + , t), > 0 .
The Faber polynomials Φ ( ) of degree are defined by the relation [22] ′ ( )
, ∈ G, ∈ − .
If ∈ , ( ), then by the definition 2.3, ∈ 1 ( ) and hence
From the last formula and the relation (8), for every ∈ we have .
We define the operator as follows:
In order to prove our main results, we need the following theorems. Theorem 2.1 [10] If Γ ∈ , then the operator defined by (10) is linear, bounded, one to one and onto. Moreover 
Main Results
In this section, we present the main results. 
On the other hand, we have
Since 2 ≤ + 1 < 2 +1 , we get 2 > − 2 + 1. Hence
From (13), (14) and ( Proof. Since ∈ , ( ) and Γ is a Dini -smooth curve, then the boundary function of belongs to , (Γ) and from the relation (5) we get 0 ∈ , ( 0 ), and the function 0 + which defined by (6) belongs to , ( ). Since , ( ) ⊂ 1 ( ), we obtain 0 + ∈ 1 ( ) which has the following Taylor expansion
Let { } be the Fourier coefficients of the boundary function of 0 + , then by [23] we get = ( 0 + ) for ≥ 0 and = 0 for < 0, and then by substitution in (17) we obtain
Note that for the function ∈ , ( ) the following Faber series holds 
= − Consequently, we have proved the Theorem 3.2.
